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The K/π and (p + p¯)/π dynamical ﬂuctuations in relativistic heavy-ion collisions are discussed in
the framework of the statistical model. By taking into account the detector acceptance, an increase of
ﬂuctuations at the lower SPS energies is observed. By considering both the kinematic cuts and eﬃciency,
the statistical model results of the K/π ﬂuctuations as a function of collision energy are consistent with
the most central STAR data within errors, and their centrality dependence is similar to that in data.
© 2009 Elsevier B.V. All rights reserved.The statistical approach has been very successful in describing
particle yields from low SIS and AGS energies all the way up to SPS
and RHIC energies [1,2]. The interest in study particle yield ﬂuctu-
ations is growing motivated by the searching for a phase transition
and locating of a critical point in strong interactions [3,4]. The
energy dependence of 〈K+〉/〈π+〉 ratio exhibits non-monotonic
behavior in the low-energy SPS range and arouses intense discus-
sions about the formation of a state of deconﬁned matter [5]. By
inclusion of very high-mass resonances and scalar σ meson, an
improved description of the 〈K+〉/〈π+〉 ratio at the SPS energies
is obtained recently within the statistical model [6]. NA49 Collab-
oration at the CERN SPS measured the ﬂuctuations of the kaon to
pion ratio and proton to pion ratio in Pb + Pb collisions at several
collision energies [7], and the STAR Collaboration at the BNL RHIC
measured the kaon to pion ratio ﬂuctuations in Au+ Au collisions
at even higher energies [8]. It is interesting to understand whether
the hadronic statistical model is equally well in describing particle
yield ﬂuctuations [9–11].
For heavy-ion collisions at high energies and a study of ﬂuctu-
ations within a narrow phase space acceptance window, the grand
canonical ensemble is suitable for the analysis, in which particle
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doi:10.1016/j.physletb.2009.07.046yields and ﬂuctuations are calculated according to the textbook
method [12],
〈Ni〉 = gi V
∫
d3p
(2π)3
ni, (1)
〈
(Ni)
2〉= gi V
∫
d3p
(2π)3
ni(1∓ ni), (2)
where
ni = 1exp[(Ei − μi)/T ] ± 1 ,
and the upper sign is for fermions, and the lower sign for bosons.
The dynamical ﬂuctuation of particle ratio N1/N2 is usually de-
ﬁned as [4,9]
σdyn(N1/N2)
= sign(σ 2 − σ 2stat)
√∣∣∣∣σ 2(N1/N2)〈N1/N2〉2 −
σ 2stat(N1/N2)
〈N1/N2〉2
∣∣∣∣, (3)
where
σ 2(N1/N2)
〈N1/N2〉2 =
〈(N1)2〉
〈N1〉2 +
〈(N2)2〉
〈N2〉2 − 2
〈N1N2〉
〈N1〉〈N2〉 , (4)
σ 2stat(N1/N2)
2
= 1 + 1 , (5)〈N1/N2〉 〈N1〉 〈N2〉
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σ 2(N1/N2)
〈N1/N2〉2 −
σ 2stat(N1/N2)
〈N1/N2〉2
= ωN1 − 1〈N1〉 +
ωN2 − 1
〈N2〉 − 2
〈N1N2〉
〈N1〉〈N2〉 , (6)
in which ωN = 〈(N)2〉〈N〉 is scaled variance. The ﬁrst and second term
in Eq. (6) can be taken as the dynamical ﬂuctuations of particles
of type 1 and 2, and the last term is their correlations.
In the grand canonical ensemble, the dynamical ﬂuctuations
of primary particles reﬂect the differences between the bo-
son/fermion distribution and the Boltzmann distribution. They are
always positive for bosons and negative for fermions. These are
modiﬁed when including feed-downs from resonances. The en-
semble averaged ﬁnal particle yields equal to [13,14]
〈Ni〉 =
〈
N∗i
〉+∑
R
〈NR〉〈ni〉R , (7)
where N∗i denotes the primordial yield of particles of species i and
〈ni〉R ≡ ∑r bRr nRi,r . The parameter bRr is the branching ratio of the
r-th branch of resonance R , and nRi,r is the number of particles
of species i produced in the decay of resonance R via the decay
mode r. The correlation after resonances decay can be calculated as
〈NiN j〉 =
〈
N∗i N
∗
j
〉
+
∑
R
[〈
N2R
〉〈ni〉R〈n j〉R + 〈NR〉〈nin j〉R], (8)
where 〈nin j〉R ≡∑r bRr nRi,rnRj,r −〈ni〉R〈n j〉R . In the grand canon-
ical ensemble, directly produced particles do not have any corre-
lations. In our model calculations, the correlations come only from
the decay of resonances.
The applied statistical model approach differs depending on
the presumed chemical equilibration condition. In this analysis,
the set of model parameters are determined as following. The
energy dependence of the baryon chemical potential is param-
eterized phenomenologically as μb(
√
sNN ) = (1.308 GeV)/(1 +
(0.273 GeV−1)√sNN ) [15]. The chemical potential related to
strangeness is determined by strangeness conservation, and that
to isospin determined by total charge over total baryon, i.e.
Q /B = 0.4. The chemical freeze-out temperature is determined
by 〈E〉/〈N〉 = 1 GeV [16]. The phase space occupancy factor γq (for
u, u¯,d and d¯) is set to 1. As for the strangeness saturation fac-
tor γs , both γs = 1 − 0.396exp(−1.23T /μB ) [17] and γs = 1 have
been considered in the calculation.
The thermal model codes THERMUS [18] is used in the analysis.
Quantum statistics and the ﬁnite widths of resonances have been
taken into account. The standard THERMUS particle table includes
all mesons up to the K ∗4 (2045), baryons up to the Ω− , and their
respective decay channels. To make a comparison with the NA49
data, weak decays are omitted.
In the grand canonical ensemble, because of 〈(Ni)
2〉
〈Ni〉2 ∼
1
〈Ni〉 ∼
1
V , particle ratio ﬂuctuations deﬁned in Eq. (3) depend inversely on
the chemical freeze-out volume, σdyn(N1/N2) ∼ 1/
√
V . A reduced
volume results in larger dynamical ﬂuctuations [19]. Information
on the system volume can be obtained from the thermal ﬁts of
the particle yields [1,20]. For consistency, all the volumes used in
this analysis are derived by scaling the average pion multiplicity
in the statistical model the same as the experimentally measured
one [5,21–23]. Obtained in this way, the 4π volumes at the ﬁve
SPS energies and volumes per unit rapidity at mid-rapidity at theTable 1
The chemical freeze-out volume ﬁxed to obtain the same average pion multiplicity
in the statistical model as that in the experiment at the SPS and RHIC energies in
unit of fm3.
√
sNN (GeV) V (4π)
√
sNN (GeV) dV /dy
6.27 3493 19.6 1006
7.62 3299 62.4 1329
8.76 3408 130 1605
12.3 3881 200 1872
17.3 4478
Table 2
Fraction of pion, kaon and proton yield inside the NA49 acceptance at the SPS en-
ergies from the UrQMD v2.3 simulations.
√
sNN (GeV) 6.27 7.62 8.76 12.3 17.3
pion 10.9% 17.1% 21.7% 30.4% 40.1%
kaon 20.6% 28.2% 33.6% 43.6% 52.0%
proton 23.7% 28.9% 32.2% 38.4% 41.4%
four RHIC energies for the most central collisions are listed in Ta-
ble 1.
The volume numbers in Table 1 cannot be used directly in the
statistical model analysis because the NA49 [7] and STAR [8] par-
ticle ratio ﬂuctuation measurements are based on the observed
yields (or raw yields) which have not been extrapolated to full
phase space. To make a comparison with the data, the volume
numbers listed in Table 1 need to be adjusted by including the
detector acceptance, tracking eﬃciency and kinematic cuts to en-
sure that the average particle yields in the statistical model are
corresponding to the experimentally measured raw yields.
Three-dimensional acceptance tables for the NA49 analysis of
ﬂuctuations of the particle yield ratio are available [24]. To make
an estimation of the fraction of particles that are inside the NA49
acceptance, the UrQMD [25] event generator is used to generate
Pb+ Pb collision events at the SPS energies. Let the generated par-
ticles go through the NA49 acceptance table. The fraction of pion,
kaon and proton yield inside the acceptance at the ﬁve collision
energies from the UrQMD v2.3 simulations are listed in Table 2. We
also tried with the HIJING [26] simulations and similar results ob-
tained. When calculate the particle ratio ﬂuctuations at the NA49
energies, the volume parameter for pion, kaon and proton are set
as the 4π volume in Table 1 multiplying the fraction of the cor-
responding particle yield inside the acceptance in Table 2. In the
NA49 experiment, the acceptance for positive and negative parti-
cles are generally different. The numbers in Table 2 are obtained
by taking an average of both kinds of particles.
The statistical model calculated ﬂuctuations of the K = K+ +
K− to π = π+ + π− ratio and the p + p¯ to π ratio at the
SPS energies are presented in Fig. 1 upper and lower plot as
open circles connected with solid lines. γs is set as γs = 1 −
0.396exp(−1.23T /μB) in getting these results. The NA49 data are
shown in Fig. 1 as full dots. Statistical errors of the data points
are plotted. It can be seen from Fig. 1 that the statistical model
calculated K/π dynamical ﬂuctuations are positive, and those of
(p + p¯)/π are negative. Both of them increase in magnitude when
the collision energy is decreased, similar to the NA49 data points.
The model results, however, generally have relatively smaller ab-
solute values. For the model calculations, one of the main reason
for the increased ﬂuctuations with decreasing collision energy is
the decreased NA49 acceptance at the lower energies, see Table 2.
A previous analysis based on UrQMD observed that the accep-
tance strongly inﬂuences the proton to pion ratio ﬂuctuations,
while has little effect on the kaon to pion ratio ﬂuctuations [27].
In the statistical model, the acceptance dependence for K/π and
(p + p¯)/π ﬂuctuations are similar, all determined by the relation,
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tion of c.m. energy
√
sNN , also plotted are the NA49 and STAR data points, and the
UrQMD model results.
σdyn(N1/N2) ∼ 1/
√
V . Reduced system volume (average multiplic-
ity) will increase the magnitude of both ﬂuctuations.
To see the effect of γs , γs = 1 is also used to calculate K/π ﬂuc-
tuations at the SPS energies, and the results are shown as open tri-
angles connected with dashed line in Fig. 1 upper plot. Unlike for
K/π ratio, the off-equilibrium fugacity parameter γs only slightly
increases the K/π ﬂuctuations. This is because γs suppresses both
the kaon yields and ﬂuctuations, K/π ﬂuctuation is proportional
to the square root of the kaon multiplicity, and K/π ﬂuctuation
also depends on the pion multiplicity whose dependence on γs is
weak.
Open crosses in Fig. 1 lower plot are the UrQMD model re-
sults of the (p + p¯)/π dynamical ﬂuctuations. The NA49 three-
dimensional acceptance tables are applied in the calculations. The
same as observed in the previous studies [7,27], the UrQMD results
closely match those of data. Large samples of UrQMD Pb+ Pb col-
lision events were generated. The statistical error bars are within
the points. The nice agreement between the UrQMD and data are
generally attributed to the properly modeled resonance decays in
UrQMD. To further understand the cause of the discrepancy be-
tween the statistical and UrQMD model, following Ref. [11], we
studied the scaled variance of proton ω(p+p¯) and pion ωπ , and
their correlation coeﬃcient ρ(p+p¯)π in both models, and the re-
sults are shown in Fig. 2. Scaled variance ωN is deﬁned in Eq. (6),
and
ρ(p+p¯)π = 〈N(p+p¯)Nπ 〉[〈(N(p+p¯))2〉〈(Nπ )2〉]1/2 .
As seen from Fig. 2 the UrQMD results for ω(p+p¯) , ωπ , and
ρ(p+p¯)π (open symbols connected with dashed lines) are generally
different from those in the statistical model (full symbols con-
nected with solid lines), except ωπ and ρ(p+p¯)π at the highest
SPS energy. The UrQMD scaled variance of proton ω(p+p¯) < 1 at
all the SPS energies, which gives a large contribution to the nega-
tive (p + p¯)/π dynamical ﬂuctuations, while the statistical model,
as expected, has ω(p+p¯) 	 1 at the SPS energies. As pointed out
in Ref. [11], exact quantum number and energy conservation willFig. 2. The statistical and UrQMD model results for the scaled variances ω(p+p¯) , ωπ ,
and correlation coeﬃcient ρ(p+p¯)π at the SPS energies.
suppress ω and ρ . The grand canonical ensemble statistical model
under estimates the magnitude of the (p + p¯)/π dynamical ﬂuc-
tuations might indicate that global conservation laws need to be
considered.
Next we study the K/π ﬂuctuations at the RHIC energies, and
compare them with the STAR results. For the same reason we need
ﬁrst to estimate the fraction of measured yield. The STAR anal-
ysis select charged pions and kaons with transverse momentum
0.2 < pT < 0.6 GeV/c and pseudorapidity |η| < 1.0. The integrated
rapidity density dN/dy is obtained by ﬁtting the transverse mass
spectra
d2N
2πmT dmT dy
= dN/dy
2π(T +m)T exp
(
− (mT −m)
T
)
,
where m is the particle mass, and T is ﬁt parameter [28]. The
transverse mass spectra is obtained from the raw spectra after cor-
rection for detector acceptance and tracking eﬃciency. The overall
eﬃciency, including all the effects, is transverse momentum de-
pendent, and is described approximately by an exponential func-
tion P0 exp[−(P1/pT )P2 ] for pion and kaon, where P0, P1 and
P2 are parameters obtained from ﬁtting [22]. Combining the kine-
matic cuts and eﬃciency, the integral
√
m2+0.62∫
√
m2+0.22
P0 exp
[−(P1/pT )P2] d2N
2πmT dmT dy
dmT
dN dy
gives the fraction of measured yield. The results for pion and kaon
in Au+ Au collisions at different centralities are listed in Table 3.
The thermal model calculated σdyn(K/π) at four RHIC energies
are plotted in Fig. 1 upper plot as open circles connected with solid
line. The pion and kaon volume used in the calculation are set as
the dV /dy in Table 1 multiplying 2 (for 2 units in pseudorapidity),
and multiplying the percentage of measured pion and kaon yield
for the most central collisions in Table 3. Also plotted in Fig. 1
are the STAR data points (full stars). The thermal model results
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Percentage of measured pion and kaon yield in Au+ Au collisions at different cen-
tralities at the STAR experiment.
Centrality 70–80% 50–60% 30–40% 10–20% 0–5%
pion 46.8% 45.2% 44.1% 41.2% 37.7%
kaon 24.3% 23.3% 21.9% 19.8% 17.9%
increase at the lower RHIC energies mainly due to the decreasing
system volume, while the data show little energy dependence. The
model results and STAR data are consistent within errors.
There is a sudden increase of the statistical model result of K/π
ﬂuctuations at 19.6 GeV compared with that at 17.3 GeV, which is
because of the different volume numbers used for the NA49 and
STAR experiment. From Tables 1 and 2, the pion and kaon volume
at 17.3 GeV are 1796 fm3 and 2329 fm3, while from Tables 1 and 3,
at 19.6 GeV they are 759 fm3 and 360 fm3 respectively. The largely
reduced pion and kaon multiplicity (volume) greatly increase the
model calculated ﬂuctuations at 19.6 GeV. Another inconsistency
shown up here is that, compared with the experimental data, the
statistical model seems to under estimate the K/π ﬂuctuations at
17.3 GeV, while over estimate them at 19.6 GeV. We believe the
reason is the different method used in estimating the raw yields
at the two energies. At the SPS energies, the estimation is based
on the NA49 acceptance table and UrQMD model. Although the
phase-space distributions for accepted particles from the UrQMD
simulations are similar to those presented in Ref. [7], they are
still possible to be slightly biased by the simulations. The NA49
tracking eﬃciency is not included in the calculation, which is gen-
erally above 90%. At the RHIC energies, we used eﬃciency from
Ref. [22] where charged tracks having at least 25 hits are selected,
and pion and kaon yield are obtained from multi-Gaussian ﬁts
of the z distributions. The K/π ﬂuctuation measurements select
charged tracks with more than 15 hits, and particle identiﬁcation
accept particles whose energy losses are within two standard de-
viations of the energy loss predictions for a given particle type
and momentum [8]. The different track selection criteria will re-
sult in different raw yields and eﬃciencies. Also, the differences
between pseudorapidity and rapidity are neglected. With the infor-
mation available, it is hard to make an accurate estimation of the
raw yields. A better understanding of the raw yields shall solve the
inconsistency in the model calculations.
Open squares connected with dashed line in Fig. 1 upper plot
are the statistical model results at the RHIC energies with weak de-
cays included, which slightly increases the K/π ﬂuctuations. This
is because of the increased particle correlations from weak de-
cays. It is also because we ﬁx the system volume to obtain the
same average pion multiplicity. When weak decays are included,
pion multiplicity per unit volume increases. The system volume is
then decreased to keep the average pion multiplicity constant. The
kaon multiplicity per unit volume does not increase as many as
that of pion when weak decays are included. The decreased sys-
tem volume will decrease the average kaon multiplicity, which in
turn increases the ﬁnal K/π dynamical ﬂuctuations.
The centrality dependence of the K/π ﬂuctuations is plotted
in Fig. 3. The system volume, dV /dy, at different centralities is
derived similarly by scaling the average pion multiplicity in the
statistical model the same as the STAR measured one [22], and
the results for 200 GeV Au + Au collisions are listed in Table 4.
Those volumes are corrected for kinematic cuts and eﬃciency with
numbers in Table 3 before used in the model calculations.
The model calculated σ 2dyn(K/π) as a function of dN/dη at
200 GeV and 62.4 GeV are shown in Fig. 3 upper plot as open stars
connected with dashed line and open circles connected with dot-
ted line. The STAR results of νdyn,Kπ are shown in the same plotTable 4
The system volume at different centralities for 200 GeV Au + Au collisions derived
by scaling the average pion multiplicity in the statistical model the same as the
experimentally measured one.
Centrality 70–80% 50–60% 30–40% 10–20% 0–5%
dV /dy (fm3) 63 209 516 1126 1872
Fig. 3. The upper plot is σ 2dyn(K/π) as a function of dN/dη from the model cal-
culations (open symbols) and from the STAR data (full symbols) at 200 GeV and
62.4 GeV. The lower plot is the dN/dη scaled σ 2dyn for K/π summed signs (stars),
same sign (circles) and opposite sign (squares) as a function of dN/dη at 200 GeV.
Full symbols are the STAR data, and open symbols are the model results. Open
crosses, open triangles and open rhombuses are for the summed signs, same sign
and opposite sign with resonance decay contributions half reduced.
as full stars and full circles [8]. By deﬁnition σ 2dyn = νdyn. Both the
STAR data and model results show an increase in the K/π ﬂuctu-
ations from the most central to most peripheral collisions. In the
statistical model, the observed centrality dependence in K/π ﬂuc-
tuations comes from the decreased system volume (Table 4). The
model results are consistent with the data in the most central bins,
while larger than the data for more peripheral collisions.
In Fig. 3 lower plot, the dN/dη scaled σ 2dyn as a function of
dN/dη for K/π , K+/π+ , K−/π− , K+/π− and K−/π+ at 200 GeV
are shown, and compared with the STAR data. The same as in
STAR, the K+/π+ and K−/π− ﬂuctuations are about the same,
and that of K+/π− and K−/π+ about the same in the thermal
model. They are combined together and labeled as same sign and
opposite sign. According to Eq. (3), scaled by dN/dη can largely
reduce the multiplicity (volume) dependence of σ 2dyn [19]. From
Fig. 3, the statistical model calculated dN/dη scaled σ 2dyn slightly
increases in magnitude (more positive for summed signs and same
sign, more negative for opposite sign) when the collision becomes
more central. This is because the eﬃciency decreases from periph-
eral to central collisions (Table 3), and because the average pion
multiplicity is used to ﬁx the system volume which is less than
the charged multiplicity especially in the central collisions.
The same as what is observed in the upper plot, the model
results for K/π summed signs (open stars) are consistent with the
data (full stars) for the more central collisions, and larger than the
J. Fu / Physics Letters B 679 (2009) 209–213 213data for the more peripheral collisions. The results for 62.4 GeV
are similar, and not shown.
The comparison between the model and data for the same sign
is similar to that of the summed signs. The model (open circles) is
consistent with the data (full dots) in the two most central bins.
In the grand canonical ensemble, the model calculated dynamical
ﬂuctuations of K+/π+ and K−/π− are always positive because
the resonance decay induced correlations (third term in Eq. (4))
are too small to make them negative. However, they are observed
negative in the STAR data [8]. These suggest that there are other
sources of correlations besides resonance feed-downs not included
in the calculation which increase the correlations of K+π+ and
K−π− . The correlations induced by ﬂow, jet or conservation laws
are all possible candidates. Their effects become important espe-
cially when the correlations from resonances are weak.
Because of the large resonance decay induced correlations be-
tween K+(−) and π−(+) , both the experimentally measured and
model calculated ﬂuctuations for opposite sign are negative. The
model calculated ﬂuctuations (open squares) are generally larger
in magnitude than those of the STAR data (full squares). A possi-
ble reason for the relatively smaller ﬂuctuations in the STAR data
is that the resonance decay effects are not fully included. In the
above calculations the resonance decay induced particle correla-
tions are fully included, which might not be the case for most of
the measurements because the detector acceptance is generally not
full phase space [29]. One or two of the resonance decay products
might not be accepted by the detector, which reduces the corre-
lations. To incorporate this effect, a parameter 0  α  1 can be
added in front of the correlation term of Eq. (4) [30],
σ 2(N1/N2)
〈N1/N2〉2 =
〈(N1)2〉
〈N1〉2 +
〈(N2)2〉
〈N2〉2 − 2α
〈N1N2〉
〈N1〉〈N2〉 , (9)
which reduces the contributions of the last term when α is less
than 1. We tried with α = 0.5, which means half of the resonance
decay contributions included, and a better description of the op-
posite sign results in more central collisions is obtained (open
rhombuses). The same sign results are almost independent of α,
see open triangles for α = 0.5 for the same sign. For the summed
signs,
σ 2
(
(K+ + K−)/(π+ + π−))/〈(K+ + K−)/(π+ + π−)〉2
= 〈((K
+ + K−))2〉
〈K+ + K−〉2 +
〈((π+ + π−))2〉
〈π+ + π−〉2
− 2 〈(K
+ + K−)(π+ + π−)〉
〈K+ + K−〉〈π+ + π−〉 ,
the correlations of K+K− and π+π− contribute positively, while
those of K+π+ , K+π− , K−π+ and K−π− contribute negatively.
Their effects partially cancel each other, and make the ﬂuctuations
of the summed signs not as sensitive to resonance contributions as
the opposite sign (open crosses for α = 0.5 for the summed signs).
In conclusion, the dynamical ﬂuctuations of K/π , (p + p¯)/π ,
K+/π+ , K−/π− , K+/π− and K−/π+ in relativistic nucleus-
nucleus collisions have been analyzed with the grand canonical en-
semble statistical model. Using previously established parametriza-
tion of T and μb , the energy and centrality dependence of those
dynamical ﬂuctuations have been calculated and compared to the
NA49 and STAR data. To get a sound comparison with the data, the
volume parameter has to be ﬁxed according to the raw yields usedin the experimental measurements. At the SPS energies, by taking
into account the detector acceptance, the model results of K/π
and (p + p¯)/π ﬂuctuations increase when the collision energy de-
creases, similar to the data. In the statistical model, an important
reason for this energy dependence is the decreasing NA49 phase
space acceptance at the lower energies. The statistical model under
estimate the magnitude of the K/π and (p + p¯)/π ﬂuctuations at
the SPS energies. A comparison between the thermal and UrQMD
model indicates that the relatively smaller scaled variance of pro-
ton in the UrQMD model is one of the main reson for its more
negative (p + p¯)/π ﬂuctuations.
By considering both the kinematic cuts and eﬃciency, the sta-
tistical model results of K/π ﬂuctuations are consistent with the
STAR most central collision results within errors. The statistical
model results of K/π ﬂuctuations increase from central to periph-
eral collisions due to the decreasing system volume. The opposite
sign K/π ﬂuctuations are most sensitive to the resonance decay
contributions. The negative same sign K/π ﬂuctuations observed
in STAR suggest other sources of particle correlations besides reso-
nance decays need to be considered.
The statistical model seems to under estimate the K/π ﬂuc-
tuations at 17.3 GeV, while over estimate them at 19.6 GeV. We
believe it is because of the different method used in estimating
the raw yields at the two energies. A better understanding of the
raw yields shall solve the inconsistency in the model calculations.
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